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Abstract

Applying an analytical model, both isothermally and isochronally conducted transformations are formulated, using time/temperature-depend
kinetic parameters. In specific cases, the analytical model reduces to the Johnson—Mehl-Avrami (JMA) kinetics. Fits of JMA kinetics to ex:
numerical calculations and analytical solutions using the same values for model parameters (as chosen in the numerical calculation) have
performed for different temperatures (isothermal) or different heating rates (isochronal), respectively. According to the error analysis, only in t
extreme cases where pure site saturation or pure continuous nucleation prevails, JMA kinetics with constant kinetic parameters is applicable
for intermediate cases where mixed nucleation or Avrami nucleation dominates, kinetic parameters change with progressing transformation. -
implies that the effective activation energy and the growth exponent generally depend on time/temperature, even if the transformation mechar
is constant (isokinetic).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction and Q are not constant (e.g8,15-22]): the fitted parameters,
n and Q, are different for different stages of the transforma-
Solid-state phase transformations are important means for thyn. This has been explained by corresponding changes in the
adjustment of the microstructure and thus the tuning of the propnucleation and growth mechanisifi—22], i.e. the transfor-
erties of materials. Inorderto exploit thistool to full extent, muchmation process is not isokinetic. Fitting of IMA kinetics to such
effortis spent on the modeling of phase transformat[®@rd8].  phase transformations therefore only yields a phenomenological
In the classical treatment (c.f. r¢f]) Johnson—-Mehl-Avrami  description. However, the limited validity of the classical JMA
(JMA) approactjl-4] plays a central role in studies of transfor- approach may be the cause for this, then only seemingly, incom-
mations where nucleation and growth mechanisms operate. Vepatibility with isokinetics[23] and a critical reappraisal of the
many experimental results of phase transformation kinetics hav@odeling of phase transformation kinetics appears in order.
been fitted with a JIMA model. It should however be recognized Against this background' amalytical model for solid-state
that the JMA model can only be validated for certain extremephase transformations has been developed that incorporates the
limiting cases, in particular for nucleation (see SecnThe  three mechanisms: nucleation (e.g. mixed nucleation and/or
JMA modelimplies that the growth exponerand the effective  Ayrami nucleation), growth (interface-controlled and/or volume
activation energy) should be constant during the course of thediffusion-controlled growth) and impingemei#4]. The model
transformation. New development in experimental techniquefas been developed for both isothermally and isochronally con-
allow high accuracy in the experimental data on transformatiojucted transformations, with tina€r), O(z), Ko(z) or temperature
kinetics and have unambiguously determined that, as anule, o(T), O(T), Ko(T)-dependent kinetic parameters (for which ana-
lytical descriptions have been givi21—26]). It should be noted
that, consequently, a transformation can still be considered as
« Corresponding author. Tel.: +86 20 88460372: fax: +86 20 88492374 |SOKINetic” in the sense indicated above, although a kinetic
E-mail address: liufeng@nwpu.edu.cn (F. Liu). parameter, as the growth exponentcan distinctly vary dur-
1 On leave from Max-Planck-Institute for Metals Research. ing the course of a transformation.
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Basing on exact numerical calculations, analytical solutionsvhere ¢ =¢+ To/® with To as the start temperature of the
were herein given using the same values for model parametergansformation (i.e. at=0). Eq.(4b)is only valid for heating.
meanwhile the corresponding fits of JMA kinetics were pro-
vided. Detailed comparison between analytical solutions/fits 0f.2. Modes of nucleation, growth and impingement
JMA kinetics and exact numerical calculations has been carried
out. It can be proved from the error analysis that JMA kinet- The termsite saturation is used in those cases where the
ics with constant kinetic parameters is applicable only for thenumber of (supercritical) nuclei does not change during the
extreme cases; but for intermediate cases where mixed nuclgansformation: all nuclei, of numbe¥" per unit volume are
ation or Avrami nucleation occurs, the kinetic parameters changgresent at= 0 already[15,24]
with progressing transformation.

N(T) = N*8(t — 0) )
2. Phase transformation kinetics with §( — 0) denoting the Dirac function.
The continuous nucleation rate per unit volume (i.e. the rate
2.1. The path variable for isothermal and non-isothermal of formation of particles (nuclei) of supercritical size) is at large
transformations undercooling only determined by the rate of the jumping of

atoms through the interface between the nucleus of critical size
Time and temperature in general are not state variables whicind the parent phase, which can be given by an Arrhenius term

would determine the stage of transformation: the thermal hisf15,24]
tory of a material determines the degree of transformatfon,
(0<f<1). Therefore, it appears appropriate to introduce a pathy (7 (1)) = Ng exp <_ ON ) (6)
variable 8, which fully determinegand depends on the thermal RT (1)
history, i.e. the path followed in the temperature—time diagramyyheren, is a temperature-independent nucleation rate constant
T(r) prescribess [6]. The transformed fractior, can then be  and gy is the temperature- and time-independent activation
given ag6] energy for nucleation. The number of nuclei equals 0=a.
F=F(p) (1) _ Themixed nucleat_ion mode involves that th(_a nucleation rate_

is equal to some weighted sum of the nucleation rates according

The dependence of the path variaplen the thermal history can o continuous nucleation and site satura{ib®,24]

be described as the integral over time of a rate con&ig#it)), i OnN

not conceived to be dependentoother than througtt N(T(7)) = N*5(t — 0) + Noexp (— RT(I)) 7)

B= / K(T())dr (2)  whereN" andNg represent the relative contributions of the two
modes of nucleation.

This equation is compatible with the additively ry&6,23], So-calleddvrami nucleation involves that the rate of forma-

which supposes that throughout the temperature/time range §6n of supercritical nuclei at timeis given by[1-4,15,24]
interest the transformation mechanism is the same (which is y
called isokinetic). A change of transformation mechanism inN(T(¢)) = N’A exp (—/ Adr) (8)
the course of the transformation, as might be caused by a rate 0
constanK(7(z)) thatis not solely dependent @), would cause  wherea is the rate at which an individual sub-critical nucleus
a breakdown of the additively rule and the applicability of Eq.becomes supercriticalt = ) = Ag exp(—%), with Ao as
(2) for the path variable. For many applicatiod§(7) can be 5 emperature-independent rate avicas the total number of
given by an Arrhenius-type equation sub-critical nuclei per unit volume at 0.

0 Thediffusion-controlled and the interface-controlled growth

3)  modes can be given in a compact form. At timthe volumey,
RT(t)> ( anbeg ompact m ’
of a particle nucleated at timeis given by refs[15,24]

with Q as the overall, effective activation energfp the , d/m
temperature- and time-independent rate Arab the gas con- y _ g U vdt] 9)
stant. Itfollows from Eqg2) and(3) forisothermal annealin@] T

K(T () = Koexp (—

B=K(T)t (4a) with g as aparticle-geometry factor an@d) = vo exp (—%‘5))

. . - : ith the temperature- and time-independent activation
According to a detailed description for the temperature mtegraYV o P P

and its approximation, for isochronal annealing with a constanfnergy of growth and with as growth mode parameter g
heating ratep, it holds (c.f. refs[6,10,15]) or interface-controlled growthin=2 for volume diffusion-

controlled growth) and! as the dimensionality of the growth

BE | ———exp (— RD /> (4b) For interface-controlled growth, vg IS a temperature-
Q ! independent interface velocity constant apg represents the
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energy barrier at the interface. Farlume diffusion-controlled ~ specific analytical and numerical approaches to account for the
growth, vo equals the pre-exponential factor for diffusibpand  diffusion fields surrounding the product phase particles have
Qg represents the activation energy for diffusigh. been proposed (e.{80-32]), which, however, are unsuited for
The number of supercritical nuclei formed in a unit volume, atgeneral applications. The applicability of Eq4.1) and (12)
time ¢ during a time lapse dis given byN(7'(z)) dr according  to diffusion-controlled reactions has been discussed in several
to Egs.(5)—(8). The volume of each of these nuclei grows fromrecent workg10,12,33-35]. Approximately, within the context
7 until  according to Eq(10) where it is supposed that every of the general analytical transformation mofiz4,25], models
particle grows into an infinitely large parent phase, in absence dbr (hard) impingement are discussed below for both interface-
the other growing particles. In this hypothetical case, the volumand diffusion-controlled transformations.

of all particles at time, calledthe extended volume is given by
2.3. General equation for the transformed fraction

According to Eqs(4)—(9) and for cases for nucleation con-
sidered here (as mixed nucleation and Avrami nucleation), the
overall extended volume can be shown to be given by the addi-
Sion of two parts: one part that can be conceived as due to pure
site saturation and one part that can be conceived as due to pure
continuous nucleation. By extensive calculation an explicit ana-
lytical expression for the extended volume can be obtdia¢}d
he degree of transformation can then be derived considering

e impingement for example according to EtR).
Y No matter which of the nucleation or growth modes con-

Ve = / t VN(T()Y(T()dt (10)
0

with V as the sample volume, which is supposed to be con
stant throughout the transformation. A relation between th
actually transformed volumé/, and the extended transformed
volume, V¢, or between the real transformed fractiges,V!/V,
and the extended transformed fractigrs V8/Vis required. The
expressions for the extended transformed volume/fraction d
not account for the overlap of growing particles (hard impinge-
ment). Itis supposed here that the nuclei are dispersed random

throughout the total volume. Suppose that at tirties actually sidered determine the transformation mechanism, the degree

tratnsf(cj)rged &/?Lume t|3/t| t” thef timedis ir;creased_"by dr, the bof isothermal or isochronal transformation can be uniquely

§>‘</een c? d‘?nF etﬁc ur? ransfci;]me tvo(l;rrées \INI g\gﬁfse described by combinations of the time-dependent kinetic param-
anddy. Fromhe change oT the extended volume,wnly tersmn(r), O(r) andKo(?) (i.e. for isothermal transformation) or

a part will contribute to the change of the actually transforme

he temperature-dependent kinetic paramet€ry, O(7) and

volur_ne dV, namely a part as large as the untransformed volum%om (i.e. for isochronal transformation) as
fraction[1-3,5]. Hence

n(t) (e n()Q(1)
vt — v _ vt dve ds iy 1) f=1-— exp(Ko(t) o Oexp(— RT )) (14)
74 dxe

This equation can be integrated, giving the degree of transfor- . rT2\ "D n(TYO(T
mation.f, as f=1—-exp| Ko(T)"® ((p) exp (_(I)QT())

t e (15)
f:‘(/:l—exp(—‘(/) (12)

It should be noted that these results are fully compatible with
Eqgs.(1)—(4), see refd6,24]. Only if pure site saturation or pure
ﬁontinuous nucleation occurs, E¢&4)and(15) are compatible
with the description of Johnson—Mehl-Avrafthi-6]

In case of anisotropically growing particles, the time interval
that particles, after their randomly dispersed nucleation ca
grow before “blocking” by other particles occurs, is, on aver-
age, smaller than for isotropic growjtt?,16-18]. This blocking nQ

effect due to anisotropic growth leads to hard impingemenlf =1- exp(—Kga” exp (_RT>> (16)
that results in strong deviations from classical JMA kinetics o ,
[12,16-18]. Considering this blocking effect, one phenomeno!/Nere the kinetic parameters:Q andKo are constants (i.e. do

logical approach accounting for impingement in this case ha8°t depend on time and temperature) andan be identified
been proposefL2,16]by extending Eq(12) to with either the annealing timefor isothermal transformation,

or with RT?/® for isochronal transformation.
dar _ - ) (13) The effective, overall activation energy, can always be ana-
dre Iytically interpreted as a combination of the activation energies

whereé > 1. Impingement due to E¢13) is more severe, i.e. for nucleation and growtin andQg [24]

the difference betweefandxe is larger, than due to Eq(11) 406+ (n _ g) ON
and increases with. — " (17)
Further, in diffusion-controlled transformations, as the n

nano-crystallization of amorphous alloyj27-29] and the wherethe value ofis equal tal/m for site saturation and equal to
gamma-alpha transformation in (carbon-containing) alloyed!/m + 1 for continuous nucleation. E¢L7)is also deduced ana-
steeld30,31], overlap of diffusion fields surrounding the grow- lytically in Ref. [15] for transformations controlled by extreme
ing particles has to be considered (soft impingement). Someases, i.e. pure site saturation and pure continuous nucleation.
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Table 1
Expressions for the (time and temperature dependencies of the) growth expotieaipverall activation energ@ and the rate constarky to be inserted in Egs.
(14) and(15) for isothermal annealing and isochronal annealing, respectively

Isothermal Isochronal
Mixed nucleation
4 1 d 1
n w T ! T 2\ -1
1+(2) 1+(2)
o %QG-F(H—%)QN %QG-F(VI—%)QN
n n
K guo/™m {( Ve ( - rz))l/(l+(rz/r1)) vgd/m M (. 1/(A+02/r1))
0 1/ -1 1 " x 170 -1 d/m r *
(% n 1) /(A+(2/r1) ™) r (% " l) /(A+(r2/r1) ™) (Q¢) r
1/(@+(2/r)™Y) 1/@+(2/r))™Y)
1 -1
(rer (14 (2)7)) } (cemon (34 (2)7)) }
1 _9On
" 7 Nov exp(— 7 CcQc"" Norexp(— %) [ R72
ri Ny (% + 1) N§ ]
Avrami nucleation
d " 1 d n 1
n n=—+—-— nNe — 4 ——
mo 1+ % m 14 %
d d d d
EQG‘F(”—E)QN ﬁQG"'(VL_E)QN
Q n n
d/m pyt RT> 1/(A+(ra/r1)
, d g’ N' f (A ) o\ 1/(+(2/r1)™7)
K NSOV () /b)) gy /D N oyt 5 KT C.
0 d d [}
n M Co0s" (RTA>
d d
e wm 1 wm 1 [

For C¢, fir) andf(ART2/Qn D), see ref[24].

Unlike the extreme cases for which the JMA equation holds3. Calculation results
strictly, in generaln, O and Ko are not constant but will be
time (isothermal transformation) or temperature (isochronal The following calculations are carried out:
transformation)-dependent. They depend on the model param-
eters, asV; andNop1 (mixed nucleation) oV andio (Avrami (1) According to the recipe in Secti¢h2, numerical calcula-
nucleation)Qn andQg, as well as on the annealing temperature  tion of the transformation rate was performed for a range of

T (isothermal transformations) or the heating r@tésochronal model parameter®g, vo andd/m andQn andNg andN*
transformations); see the analytical functions summarized in  or 1o andN (seeTable 2). Parameters are chosen such that
Table 1. Fitting of Eqs(14) and (15), with the appropriate a mixture of nucleation mechanisms is employed.

expressions for, O andKp, to a series of isothermal anneals (2) Then JMA fitto the transformation rate and analytical calcu-

or to a series of isochronal anneals leads to determination of the  |ation using the same values for model parameters as chosen

model parameters which are for the cases considered Bgre: in the numerical calculations are carried out.

Qg anduvg together with eitheN; andNpy, or N andg [25]. (3) Rigorous numerical application of the recipe given in Sec-
As above mentioned (Secti@x?), it should be noted that the tion 2.3 provides the transformation rate, dffad//dT, as a

same expressions (Table 1) occur for the kinetic paramefers

0 and Ky for the two growth modes considered (see B)), Table 2

prowded, in case of volume diffusion-controlled grOWth' theValues of the model parameters as used in the numerical calculations for isother-

pre-exponential facton, and the activation energ@g, are  mal and isochronal annealing for mixed nucleation or Avrami nucleation and
substituted byDg and Qp, the pre-exponential factor and the the growth mechanism pertaining to volume diffusion or interface-controlled

activation energy for diffusion. growth

Hence, isokinetic transformation (c.f. Sectidri) does not  Mixed nucleation  Values Avrami nucleation  Values
necessarily require that O andj(o have to be constants during 0 (kI mol ) 300 Oc (KImol b 200
the course of the transformation, as hgs very ofte_n been stat@i (kImol-1) 200 On (kImol2) 100
erroneously (e.g. see refl9,21]). Obviously, various com- , (ms?) 10° vo (Ms™) 10°
binations of nucleation and growth modes represent different/m 3/(3/12) dim 3/(312)
transformation mechanisms, and result in different expressiorfép (M >s™) Start 16° end 16’ N (m~) 5x 10

(m3) Start 137, end 16° 1o (m3s7Y) Start 16,

for n(r), O(z), Ko(?) or n(T), O(T), Ko(T) and for the transformed ond 16

fraction subjected to the general expressions Bgh.and(15).
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Fig. 1. Relative error (offids) from analytical solutions or IMAfits as afunction Fig. 3. Relative errors (of df/dT) from analytical solutions or JIMA fits as function
of model parametelN" for isothermal annealing assuming mixed nucleation and of the growth exponent forisochronal transformation assuming mixed nucleation
interface-controlled growth at two sets of annealing temperatures.

(4)

(®)

The
values

relative error, %

function of time/temperature. This calculation is performed .
for five different temperatures (isothermal annealing) or
five different heating rates (isochronal annealing), assuming

interface-controlled growth mode.
JMA kinetics (see Eqgl)—(4)) is fitted to the transforma-

tion rate as obtained in step 3 simultaneously for the five

different temperature§; (isothermal annealing) or five dif-
ferent heating rates? (isochronal annealing). Thus values
for the kinetics parameters, Q andKy are obtained15].

Using the same values for the model parameters and the
values ofT or @ as chosen in the numerical calculation, the

corresponding analytical expressions for df/dz,fbdf(see
Eq.(14)or (15)andTable 1) result as well.

above procedure has been performed for a range
of Ng and N* or A (seeTable 2), and good agree-

T T
O analytical, 0.01, 0.1, 1, 10, 100K/s
+ JMA, 0.01,0.1, 1, 10, 100K/s

* analytical, 0.08, 0.16, 0.32, 0.64, 1.28K/s
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Fig. 2. Relative errors (of itiT) from analytical solutions or JMA fits as a . . - .
function of model paramete¥" for isochronal transformation assuming mixed the error analysis between JMA fits/analytical solutions and the
nucleation and interface-controlled growth at two sets of heating rates.

and interface-controlled growth at two sets of heating rates.

T T
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Fig. 4. Relative error (of fids or df/dT) from analytical solutions or IMA fits as

a function of model parametep for isothermal and isochronal transformation
assuming Avrami nucleation and interface-controlled growth at five different
temperatures (580, 590, 600, 610 and 620 K) or five different heating rates (0.01,
0.1, 1,10 and 100 K&).

ment between exact numerical calculations and analytical solu-
tions results within the whole range 8 andN" or Aq (see
Figs. 1-5). Analogous calculations for transformations assum-
ing volume diffusion-controlled growth are also performed and
similar results have been obtained, for which a detail description
is not given here.

4. Error analysis

The applicability of the analytical model and its superiority
to JMA kinetics for the intermediate cases can be judged from

exact numerical calculations.
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analyical. isochronal the corresponding values can be calculated from the analytical
i el solutions obtained according to step 5 in Sec8oAccordingly,

JMA, isothermal I the resultant errors from JMA fits and from analytical solutions
as a function of the growth exponent,are obtained, as illus-

+ + trated inFigs. 3 and 5. Obviously, the resultant error of JIMA
fits is lower for the extreme cases (e.g. close to3 or 4), but

ar 1 much higher for the intermediate cases (e.g. araund.4—3.5),

+ whereas the resultant error from the analytical solution is con-
tinuously increased with the growth exponent,

* O+ D

relative error, %

5. Discussion
+
" . According to the classical JMA kinetics, the kinetic parame-
offes ? & . ters:n, Q andKo hold constant throughout the time/temperature
% 3.2 3.4 3.6 3.8 4 range of interest for isothermal transformations assuming pure
growth exponent, n site saturation or pure continuous nucleation. Analogously, for
Fig. 5. Relative errors (offttror df/dT) from analytical solutions or JIMA fits as j[he numgncal calculation (|so%her_n;al_iransformatlog) zizsum-
function of the growth exponent for isothermal and isochronal transformatiodNg Specific values, e.gvo = 109m=3s7t andN =10'"m
assuming Avrami nucleation and interface-controlled growth at five differentor No = 107’ m—3s~1 andN" = 10F°m~3, the growth exponent,
temperatures (580, 590, 600, 610 and 620 K) or five different heating rates (0.0}, s fitted to be 3.9982 or 3.0001 by JMA kinetics, and is cal-
0.1, 1,10 and 100K). culated using analytical solutions to be nearly four or three over
the whole transformation (s&ég. 6), respectively. Furthermore,
the growth exponent obtained using analytical solutions is close

to three or four for transformations assuming Avrami nucle-

As shown inFigs. 1-5, JMA kinetics provides good fits 10 o4iqn hrovided thato = 108 or 10P is chosen, respectively; see

the exact numerical calculations for the extreme cases wherﬁg_ 7. Therefore, JMA kinetics, which solely provides good fit

pure site saturation or pure continuous nucleation prevails (S%r the extreme cases, can be considered as the specific case of
Figs. 1-5), but the resultant error becomes much higher for thg,o 531 tical model where pure continuous nucleation or pure
intermediate cases. Furthermore, the resultant error is drastical te saturation prevails

dependent on the annealing temperature (isothermal) or the heat- TakingNo andN" or o andN' as between the extreme val-

ing rate (isochrc_)nal), e.g. higher error of fit_s results for Widerues, the extended volume for the intermediate cases consists of
range of annedagng temperatures or of heating rates as chosqwo parts: one part is contributed from site saturation, and the
seeFigs. 1 and 2. other from continuous nucleation. With increasivigor g, the

contribution from pure site saturation become more and more

predominan{15,24]. Since the resultant error of the analyti-

3>
o
(o]
ob
o
o

2

B>

|8 Ot
® >+

0 >

4.1. JMA fits

4.2. The analytical solution

For all the analytical solutions using the same values for the
model parameters chosen in numerical calculations, the resul-
tant error reduces with increasing or Ao, i.e. with changing
nucleation mechanism from pure continuous nucleation to pure NO=1e30, N'=1e17
site saturatiori24] (seeFigs. 1, 2 and 4). For the exact numer- 4
ical calculation for isothermal transformation assuming mixed <

NO=4.49e28,N*=2.22e18
B

nucleation, the resultant error of analytical solution is nearly zero § 38

throughout the overall rangedf from 10 to 10?%, and is much S ‘
lower than that of JMA fits (seEig. 1). This can be ascribedto & NO=1.93628, N'=5.1718 : s
the fact that the analytical solution corresponds mathematically § """

to the exact numerical calculations for isothermal transforma- (% 34

tions assuming mixed nucleatif¥]. Owing to approximations
applied forisochronal transformations and/or Avrami nucleation
[24], the resultant error is increased ($€gs. 2 and 4). How- { No=1e27, N*fTeQO
ever, it should be noted that the dependence of the resultant 3
error on the annealing temperature (isothermal) or the heat- o o2 o Y o8 y
ing rate (isochronal) is not as serious as that of JMA fits (see Transformed fraction,

Figs. 1 and 2).
gAccordin )tO step 4 in Sectio, the growth exponent; Fig. 6. Growth exponentas function of transformed fraction for isothermal trans-
9 p ! g P ! formation assuming mixed nucleation (choosing different valuesg§@mdN")

is ob_tz_;\ined from JMA fits to the numerical CalCUlationS_ With and interface-controlled growth at five different temperatures (770, 790, 810,
specific model parameterSy andN”™ or 1o andN’; meanwhile 830 and 850K).
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cases where pure continuous nucleation or pure site satu-
ration prevails; but for the intermediate cases where mixed
nucleation or Avrami nucleation dominates, JMA fits results
in much higher error, as compared to analytical solutions.
This indicates that the kinetic parameters should change with
progressing transformation, i.e. as a function of time (isother-
mal) or temperature (isochronal), and that the effective acti-
vation energy and the growth exponent generally depend on
time/temperature, even if the transformation mechanism is
constant (isokinetic).

il
0

Growth exponent, n
W
=~
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